A family H of sets is said to be hereditary if all subsets of any set in H are in H; in other words, H is hereditary if it is a union of power sets. A family A is said to be intersecting if no two sets in A are disjoint. A star is a family whose sets contain at least one common element. An outstanding open conjecture due to Chvátal claims that among the largest intersecting sub-families of any nite hereditary family there is a star. We suggest a weighted version that generalises both Chvátal's conjecture and a conjecture (due to the author) on intersecting families of signed sets. Also, we prove the new conjecture for weighted hereditary families that have a dominant element, hence generalising various results in the literature.
Some basic denitions and notation
We shall use small letters such as x to denote elements of a set or nonnegative integers or functions, capital letters such as X to denote sets, and calligraphic letters such as F to denote families (i.e. sets whose members are sets themselves). Unless otherwise stated, it is to be assumed that sets and families (and sets in families) are nite.
For any integer n ≥ 1, the set {1, ..., n} of the rst n positive integers is denoted by [n] . For a set X, the power set of X (i.e. the family of all subsets of X) is denoted by 2 X , and the family of all r-element subsets of X is denoted by X r . An r-set is a set of size r. We denote the union of all sets in a family F by U (F). For any x ∈ U (F), we denote the family of those sets in F which contain x by F x .
A family H is said to be a hereditary family (also called an ideal or a downset) if all the subsets of any set in H are in H. Clearly a family is hereditary if and only if it is a union of power sets. A base of H is a set in H that is not a subset of any other set in H. So a hereditary family is the union of power sets of its bases.
A family A is said to be intersecting if any two sets in A contain at least one common element. If the sets in a family A have a common element x (i.e. A = A x ), then A is said to be a star. So a star is an intersecting family. The simplest example of an intersecting family that is not a star is {{1, 2}, {1, 3}, {2, 3}} (i.e.
[3] 2
). If U (F) contains an element x such that F x is a largest intersecting subfamily of F (i.e. no intersecting sub-family of F has more sets than F x ), then we say that F has the star property at x. We simply say that F has the star property if either U (F) is the empty set ∅ or F has the star property at some element of U (F).
For a non-empty set X and x, y ∈ X, let λ x,y : 2
(A\{y}) ∪ {x} if y ∈ A and x / ∈ A; A otherwise, and let Λ x,y : 2 2 X → 2 2 X be the compression operation dened by
Note that |Λ x,y (A)| = |A|. It is well-known, and easy to check, that Λ x,y (A) is intersecting if A is intersecting; [15] is an excellent survey on the properties and uses of compression (also called shifting) operations in extremal set theory.
If x ∈ U (F) such that λ x,y (F ) ∈ F for any F ∈ F and any y ∈ U (F), then F is said to be compressed with respect to x. A family F ⊆ 2 [n] is said to be left-compressed if λ i,j (F ) ∈ F for any F ∈ F and any i, j ∈ [n] with i < j.
Intersecting sub-families of hereditary families
The following is a famous longstanding open conjecture in extremal set theory due to Chvátal. [8, 19] . Interesting variations on this conjecture have been suggested by Snevily; see [26] . 3 Intersecting families of signed sets Let x 1 , ..., x r be the distinct elements of an r-set X, and let y 1 , ..., y r , k be integers satisfying 1 ≤ y i ≤ k for all i ∈ [r]. We call the r-set {(x 1 , y 1 ), ..., (x r , y r )} a k-signed set on X. For any integer k ≥ 1, we denote the family of all ksigned sets on X by S X,k , that is,
We shall set S ∅,k = ∅. For any family F, we denote the union of all families S F,k with F ∈ F by S F ,k , that is,
The`signed sets' terminology was introduced in [4] for a setting that can be re-formulated as S (
[n] r ),k , and the general formulation S F ,k was introduced in [6] , the theme of which is the following conjecture. Obviously we cannot replace k ≥ 2 by k ≥ 1, because if F does not have the star property (for example, F is a non-star intersecting family such as [3] 2 ), then neither does S F ,1 (since F and S F ,1 have the same structure). The main result in the same paper is that this conjecture is true if F is compressed with respect to an element x of U (F). This generalises a well-known result that was rst stated by Meyer [20] and proved in dierent ways by Deza and Frankl [11] , Bollobás and Leader [4] , Engel [12] and Erd®s et al. [13] , and that can be described as saying that the conjecture is true for F =
[n] r . Berge [3] and Livingston [22] had proved this for the special case F = {[n]} (other proofs are found in [16, 21] ). In [6] the conjecture is also veried for families F that are uniform (i.e. their sets are of equal size) and have the star property; Holroyd and Talbot [17] had essentially proved this in a graph-theoretical context. In [7] the conjecture is proved for k suciently large, depending only on the size of a largest set in 4 Intersecting sub-families of weighted hereditary families
Let R denote the set of real numbers. For any family F and any function w : F → R (which we call a weight function), we denote the sum F ∈F w(F ) (of weights of sets in F) by w(F). If U (F) contains an element x such that w(A) ≤ w(F x ) for any intersecting sub-family A of F, then we say that (F, w) has the weighted star property at x. We simply say that (F, w) has the weighted star property if either U (F) = ∅ or (F, w) has the weighted star property at some element of U (F).
We suggest a conjecture that relates Conjectures 2.1 and 3.1 in the sense that it provides a common generalisation. (H, w) has the weighted star property at an element x of U (H), then S F ,k has the star property at (x, 1).
Then: (i) H is hereditary; (ii) w(H) ≥ w(H ) for any H, H ∈ H with H ⊆ H ; (iii) if
This lemma is proved in the next section.
If a family F is compressed with respect to an element x of U (F) and w(F ) ≤ w(λ x,y (F )) for any F ∈ F and any y ∈ U (F), then we say that x is a dominant element of U (F) under w.
The following is our main result, which establishes Conjecture 4.1 for the case when U (H) has a dominant element under w. Suppose A ∩ B = ∅ for some A, B ∈ F. Since E is an intersecting family (as E ⊆ B) and each set in C contains x, one of A and B is in E and the other is in C ; say A ∈ E and B ∈ C . But then A∩(B∪{y}) = ∅ and A, B∪{y} ∈ B, which is a contradiction as B is intersecting. So F is intersecting.
Since Suppose C ∩E contains a set A. So A ∈ B. Let B = A∪{y}. Then B ∈ C and hence B ∩ B = {y} for some B ∈ B. But then A ∩ B = ∅, which is a contradiction since B is intersecting. So C ∩ E = ∅ and hence |F| = |C | + |E|. Therefore w(F) = w(C ) + w(E).
Bringing all the pieces together and noting that w(C) ≤ w(C ) (by the condition on w), we obtain
as required.
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The argument in the above proof is an alternative for the one used by Snevily [24] with |A| ≤ |B|. Then (2 [n] , w) has the weighted star property at any element of [n] .
Proof. Obviously 2 [n] is hereditary and w obeys the condition in Theorem 4.4. Now let
, y ∈ [n], D = λ x,y (C). Since |D| = |C|, the condition on w gives us w(D) ≥ w(C) and w(C) ≥ w(D); hence w(C) = w(λ x,y (C)). So x is a dominant element of U (2
[n] ) = [n] under w. The result now follows by Theorem 4.4.
A nice application of this result is given in [18] .
Proof of Lemma 4.3
For an n-set X = {x 1 , ..., x n } and (a,
A otherwise, and let ∆ a,b : 2
Note that |∆ a,b (A)| = |A| and that, if F ⊆ 2
is intersecting if A is intersecting; moreover, the following holds (see, for example, [7, Corollary 3.2] ).
Lemma 5.1 Let X be an n-set {x 1 , ..., x n }, and let k ≥ 2 be an integer. Let A be an intersecting sub-family of S 2 X ,k , and let 
